The velocities of two bodies before and after an elastic collision can be related by a matrix transformation in onc and two dimcnsions. We demonstrate a very simple relation bctween the oneand two-dimensional collision matrices.
I. INTRODUCTION
The standard texts in classical mechanics1-' treat binary collisions in the center of mass frame and then discuss scattering by a central force without offering a method for dealing with collisions in arbitrary inertial frames. This note presents a technique for handling such cases in two dimensions using complex scattering matrices. The technique has several applications in the classroom including how complex numbcrs can bc usefi~l in classical mechanics, a field where the use of complex numbers is rare. The method also gives a classical context to ccrtain ideas that are more commonly associated with quantum mechanics, such as state vectors and operators, thus allowing these topics to be introduced earlier in the curriculum. Finally, the method can be used in mathematical physics classes to provide an illustration of matrix exponentiation with a real power, in which the matrix and exponent each have a clear physical meaning.
When a particle of mass m and velocity u and a particle of mass M and velocity u collide elastically in one dimension, their velocities after the collision, 11' and u ' , rcspcctively, are uniquely determined by u and u . The reason is that u' and u' are determined from the conselvation equations for energy and linear momentum. These equations are and are readily solved. If we ignore the trivial nonscattering solution, u l = u and u l = u , the final velocities may be expressed in terms of the initial ones and the appropriate scattering matrix S 1 as In two dimensions, where there are four unknown velocity components, two for each particle, but only three conservation equations (one for energy and two for linear momentum), there is one remaining degrec of freedom in the solution. This degree of freedom may be interpreted as the scattering angle, a, of the collision in the center of mass frame. The natural scattering matrix would be a 4 X 4 matrix function of a. However, if we represent the particle velocities by complex numbers, we can find a 2 X 2 complex matrix, s.,, which transforms the precollision velocities to the postcollision velocities. We now further analyze the onedimensional case and demonstrate the relation between S , and S2. The eigenvalues of SI are 1 and -1 with normalized eigenvectors:
respectively. The matrix can be written in standard spectrally decomposed form as where are the projection operators onto the eigenvectors e+ and e-, respectively. The coefficient of -1 in Eq. (5) serves to flip the velocities in the center of mass frame. Equation (5) may be interpreted as follows. The projector P+l extracts the velocity of the center of mass frame, that is, where wcm is the velocity of the center of mass frame. Because wo is unchanged in the collision, this projector has a coefficient of + l . The projector P-, extracts the velocities as they appear in the center of mass frame, that is.
In the center of mass frame, the effect of the collision is to flip the signs of the velocities; this is handled by the coefficient of -1 in front of P-,.
We now consider the two-dimensional case and modify Eq. (5) to obtain the equation for S2. In two dimensions, as in one, the total momentum of the particles in the center of mass frame is zero, before and after the collision. This fact, together with conservation of energy, implies that the collision may only rotate the velocities through an angle, which is The Runge-Lenz vector for the two-dimensional hydrogen atom X. L. Yang, M. Lieber, and F. T. Chan Physics Department, University of Arkansas, Fayetteville, Arkansas 72701 (Received 2 1 February 1990; accepted for publication 30 June 1990) The recent discovery of novel properties possessed by two-dimensional systems has led to the investigation of properties of the hydrogen atom in two dimensions. With proper definition of the system, the so-called Runge-Lenz vector may be defined for this system, and shown to be related to the underlying O(3) symmetry, just as for the three-dimensional system, although some interesting aspects are revealed.
Much interest has been developing in the properties of two-dimensional systems. The existence of Chern-Simons terms' and the existence of anyons2 that violate the theorem on spin and statistics are but two examples. There are also exam~les where two-dimensional behavior has been exhibited'e~~erimentall~, such as the propagation of electrons in high-T, superconductors, where the two-dimensionality is apparently imposed by the planes of copper atoms.' For the latter systems in particular the analysis of the two-dimensional hydrogen atom may be particularly relevant.
It is by now well known that the hydrogen atom in three dimensions exhibits an "accidental degeneracy" due to a "hidden" four-dimensional rotational group [0(4) 1 symmetry and the presence of an additional conserved vector, most commonly called the Runge-Lenz vector although actually much older than these two a~t h o r s .~ Indeed, in 1935 Fock5 showed how to cast the momentum-space form of the Schriidinger integral equation into the equation for O(4) hyperspherical harmonics. The connection of this approach with the older Runge-Lenz vector approach utilized by pauli6 in his solution of the hydrogen atom problem was exhibited by Bargmann,' who showed that linear combinations of the components of the Runge-Lenz vector and the angular momentum vector obeyed the commutation relations of the Lie algebra of O(4) [or, more precisely, of O(3) x O ( 3 ) which is isomorphic to 0 ( 4 ) ] .
The approach of Fock was generalized to d dimensions by Alliluev."n particular, he showed that the hydrogen atom in d dimensions exhibits the symmetry of the ( d + 1 )-dimensional rotation group when expressed in momentum space, and the wave functions are nothing more than hyperspherical harmonics. His solution also pertains for the case d = 2. In this case he finds for the energy levels in atomic units:'
where n = 1,2,3, ..., and the momentum space wave functions are the ordinary O(3 ) spherical harmonics Y,,, .
However, the analogous d = 2 generalization of the Runge-Lenz vector does not appear to have been previously discussed, so that is the gap that we feel it is now opportune to fill.
Before turning to the main body of this work, it is perhaps worth mentioning that there is some controversy as to the "correct" generalization of the Coulomb potential. Our approach is based on a potential proportional I/r, where r is the distance from the origin in d-dimensional space. An alternative definition, which coincides in the case d = 3, arises from the desire to preserve Maxwell's equations, and particularly Gauss' law: The electric flux through a spherical hypersurface should be proportional only to the total charge enclosed, and be independent of the radius of the sphere. For d = 2 this gives rise to a potential proportional to ln(r). For a recent paper on this potential see Ref. 10 . However, it is our view that the I/r potential is the more natural ford = 2 since there are cases in which the motion of the electron around the nucleus is constrained in a plane by certain boundary conditions. The planar confinement to such a system can be a result of extreme anisotropy.
THE 2-D HYDROGEN ATOM
In two dimensions the Hamiltonian of our system may be written (using atomic units):
The angular momentum vector degenerates to a single component L = L, :
The Runge-Lenz vector A, which in three dimensions is defined by
The three quantities L, A,, and A, all commute with H and so are conserved. Their mutual commutation relations can be shown to be Now, let us assume that the operators are operating on states that are all eigenstates of H with eigenvalue E, which we take to be negative, since we are interested in bound states. If we define new operators on this manifold:
then we may define a three-dimensional vector operator N, with components N, = u x , N, = u,, and N, = L that satisfy thecommutation relations characteristic of the components of an ordinary angular momentum operator in three dimensions. That is, using H-E in Eq. (8):
In recent papers on two-photon absorption and emission processes in atomic hydrogen,' it was discovered that certain photon frequencies were forbidden. Considering emission, for example, in the 3s-1s transition, there are two photons emitted of frequencies W, and wB such that the total energy of the two photons equals the energy difference between the 3s and 1s levels, i.e., 12 eV. However, the amplitude for this process passes through two zeros, symmetrically placed on either side of the equal frequency point w A =uB. (There are no zeros in the two-photon decay of the 2s metastable state.) The same amplitude governs the two-photon absorption process 1s-3s, and so there exist two frequencies a t which this absorption cannot take place; we call these the "transparency frequenciesH2 for either emission or absorption. Thus, since there is no corresponding amplitude zero at these transparency frequencies for the 1s-3d process, there is suggested a means for selective excitation of the 3d )&el. Transparency frequencies were found' for transitions between the 1s and ns levels for n=3, 4, 5, and 6, between the 1s and nd levels for n = 4 , 5, and 6, between the 2s and ns levels for n=4, 5, and 6, and between the 2s and nd levels for n = 5 and 6.
The above remarks are based on calculations which use second-order perturbation theory and the dipole (longwavelength) approximation.' It has recently been suggested t o the authors3 that the transparency phenomenon might disappear when retardation effects are taken into account. The reason for this expectation is that the amplitude as previously calculated is the sum of two terms, each representing one ordering of the emission of the two photons. In the dipole approximation these two terms are real for the 1s-3s case, and a t the transparency frequencies they exactly cancel (in other cases the two terms are sometimes purely imaginary, with the same result). However, when retardation is included the relevant matrix elements would appear to be complex, and the cancellation thus much more unlikely. The purpose of this Brief Report is to show that simple parity arguments indicate that the terms remain real (or pure imaginary if the conventions of Ref. 1 are followed), but shift their value slightly. Thus the transparency condition persists, albeit at slightly shifted frequencies.
CALCULATION
When retardation is taken into account, the ns-1s transition rate is proportional to the square of the modulus of the second-order perturbation theory expression where M:" is and where I represents an arbitrary intermediate hydrogenic state including the continuum. In this expression 3, and ZB are the polarization vectors of the two photons. We have used the Coulomb gauge interaction Hamiltonian -e A.p/mc, dropping the A 2 term which can never contribute to processes in which the electron changes energy levels. We note that this Hamiltonian differs from the r.E form used in our previous work' because the latter is equivalent to the A . p form only in the dipole approximation, whereas the A.p form is generally valid to all orders, according to the principle of minimal We have calculated corrections to the strong-potential Born approximation using the distortedwave Born formalism of Taulbjerg and Briggs. In the sense of a plane-wave Born expansion, all terms of the third Born approximation, and all "single switching" fourth Born terms are included, but a peaking approximation is needed to reduce the calculation to tractable form. We believe this to be the first calculation to be so complete in the Born sense. Effects of the higher terms are most visible in the valley between the Thomas peak and the forward peak. The Thomas peak is visible in the correction term even though it includes no second Born contributions. We suggest that this may be interpreted as a third Born effect with two "hard" collisions followed by a "soft" collision.
INTRODUCTION
The experimental observation of the Thomas peak in electron capture by energetic ions1-' has given new credibility to our theoretical understanding of the capture process. In particular, the development of the so-called strong-potential Born (SPB) approximation,4-" which is in reality a kind of distorted-wave first Born approximation, has given new confidence in the ability of theory to account for some of the more subtle features of the capture process.
In this paper we report the results of an attempt to go beyond the SPB. Just as the SPB approximation, if expanded in a plane-wave Born series can be said to include all second Born contributions, plus higher contributions in one of the potentials (designated the "strong" potential), the expression we use includes all the third Born contributions and all but one of the fourth Born terms, as well as higher terms. We cannot evaluate these additional terms exactly, but as a small correction to the SPB cross section, we felt justified in evaluating them using a "peaking approximation." The results show that the correction is indeed small, but surprisingly, at very high energies it shows a Thomas peak effect, and a significant contribution exceeding the SPB in the region of the "valley" between the forward and the Thomas peaks.
THEORY
Our starting point is the expression due to Taulbjerg and ~r i g~s , '~ which they call the distorted-wave Born (DWB) approximation:
The distorted waves are
with asymptotic wave functions JUNE 1, 1987 which describe the initial and final particle states, respectively. By inserting the expressions (2) in Eq. (I), the DWB matrix element can be written
The first term can be recognized as the SPB amplitude, so that the second term represents the DWB correction.
While this expression appears to be asymmetric in its treatment of the potentials Vp and VT, Taulbjerg and ~r i~~s '~ show that it is nevertheless symmetric. They also show by an expansion of the Green's functions G : and G; in terms of the plane-wave Green's function G$ that the DWB expression includes all the third Born terms, i.e., VTG$VTG:V~ and VTG$VpG$Vp, three of the four terms of the fourth Born approximation (all the "single switch" terms). and are included while the "triple switch" term vTG; vpG; vTG$ vP is missing.
We evaluated the first (SPB) term of Eq. (4) using the techniques of Sil and ~c~u i r e ' (see Table I ). Cross sections for electron capture into the 2p level evaluated with use of the strong potential Born approximation are presented. While these 2p cms sections arc smaller than cross sections for capture into the Is and 2s levels at high velocities, nevertheless the Thomas peak is clearly evidmt at energies above 1 MeV in both the m =O and I rn I = 1 magnetic substates in atomic hydrogen. At energies above 10 MeV where the Thomas peak is important, cross sections for capture into m =O and I m I = I are comparable. Consequently, the polarization fraction bccomee negative at high energies in sharp contrast to Brinkman-Kramus results where the polarization fraction stays near its maximum value.
I. INTRODUCTION
Considerable progress has been achieved in understanding electron capture at high velocities in t a m s of a twostep mechanism for 1 s-1 s capture. On the one hand the qualitative nature of this mechanism may be undustood in terms of the simple classical two-step model introduced' by Thomas in 1927. On the other hand quantitative understanding has also been achieved with the development of quantal calculations which include second-order effects. Of these quantal calculations perhaps the most successful has been'-7 the SPB, or strong-potential Born approximation. In the SPB approximation the intermediate states of the collision system are represented by continuum states in the stronger, target or projectile, Coulomb fields. A ddinitive confirmation of this picture has been provided by observation8 of the Thomas peak in the differential cross section.
While understanding of the 1s-1 s cross section dominant for capture at high velocities seems well in hand, the 1s-2p cross section is not so well understood. For example, the full peaking (FP) approximation, SPB-FP, which is apparently quite sati~factory"~"~ for Is-nr capture in charge asymmetric systems, gives zero cross sections for -~ 1s-2p capture. ~urthermok, the continuum distorted wave (CDW) approximation,"-'3 which gives satisfactory results for 1s-Is capture, does not reproduce the correct second Born limit for Is-2p capt.ure. Moreover, Briggs and DU~C" have emphasized that striking differences are generally expected between first-and second-order theories for large n and I at high velocities. Hence, new understanding may be obtained from studies of 1s-nl capture.
In this paper we present expressions for 1s-np capture in the SPB approximation. We use the technique7 of Sil and McGuire (SM) which avoids the pealring approximation in the Green's function that results in zero 1s-np SPB cross sections. Furthermore, it has been demonstratedI5 that the SM technique may be applied to systems of arbitrary target and projectile charges, i.e., ignoring a weaker potential is not necessary using the SM technique. The SM 1s-np expressions are presented in Sec. Summary. -An experiment has been proposed to test whether an objective physical reality can be granted to probability amplitudes. We consider an idealized version of the experiment and show that quantum mechanics predicts a null result.
YACS. 03.65. -Quantum theory; quantum mechanics.
1. -Introduction.
The probability amplitude represents perhaps the most striking departure of quantum theory from classical physics. This is seen convincingly in the two-slit experiment, vXrhich in a sense a contains the only mystery b of quantum mechanics (I). The two-slit experiment shows how the concept of a probability amplitude resolves the paradox of wave-particle duality.
I n what sense, if any, can an objective physical reality be attached to the probability amplitude? This question hafl recently been raised by SELLERI (') The eikonal approximation taking into account the post-collisional Stark effect removes the shortcoming of the previous calculations of relative I capture cross sections. We find good agreement between the calculated u2, and u2, cross sections and the available experimental data in p +H(ls) collisions.
In a series of papers'" an eikonal approa~h'.~ to electron capture from H(1s) into fast multichanged projectile ions has been proposed. The results obtained are not only in better agreement with experimental findings for hydrogen and helium targets, but have a remarkable simplicity, comparable with that of the simplest first-order theory, the Oppenheimer-Brinkmann-Kramers (OBK) approximation.
However, the successes of the eikonal approximation reported so far have been only partial, since there is an overestimate of the I f 0 cross section compared with the corresponding s cross section for the same principal shell.
In a recent interesting publicationy Burgddrfer pointed out the importance of the Stark mixing between the degenerate excited states of the projectile escaping the field of the residual target ion and named the coupling between states of the same principal shell long after the primary charge transfer has taken place the "post-collision interaction" (PCI). Applying the PC1 model to the OBK approximation for the primary capture processes, Burgddrfer found improved agreement of the relative 1 cross section and the alignment parameter with experimental data. The agreement only holds for relative, but not for the absolute substate cross sections. In this paper, we apply the PC1 model together with the eikonal approximation to study the u2, and 
The phase factor'' ( -i)' in g,l,, which was dropped in Ref.
5, is very important and must be retained in the present study.
A g J ( 0 =cos4~2,0(6) +isin+A2,( 6 ) ,
~ollowing B~rgdorfer,~ the eikonal amplitudes within the PC1 model are related to the usual eikonal amplitudes [Eq. A& = A~~, *1(6) Thus,
Using (6) we can show immediately that u(r) satisfies
Then, interchanging the order of summation and integration, and application of the closure relation for the l = l radial functions:
gives us the differential equation satisfied by u:
which is equivalent to Schiis Eq. (33.4). If we can find u(r) then it is evident that Thus the summation reduces to the solution of Eq. (7) followed by .the evaluation of the integral (8). However, the use of Laplace transforms avoids both steps. We note that if we define the Laplace transform of u(r):
Noting that E; = -1/2 in our units and rewriting Eq. (7) in the form (4) we find the Laplace transform of Eq. (1 1) The approach to electron capture developed by Chan and Eichler is combined with the optical eikonal approximation for describing the effect of the internuclear potential on the projectile trajectory. In this way, a closed-form expression is derived for the differential cross section for Is-nlm capture. Numerical calculations have been performed for the reaction H+ +H( 1s)-H + H+ at collision energies of 25, 60, and 125 keV. Good agreement is obtained with the recent data of Martin et al. by using trajectories undeflected by the internuclear potential at small deflection angles and Coulombdeflected trajectories at large deflection angles.
I. INTRODUCTION
Measurements of differential capture cross sections present a much more stringent test of theory than experimental data on total cross sections. In earlier experiments1 such measurements have been confined to collisions of protons with multielectron targets (He and Ar), and only very recently Martin et 01. ' have reported differential capture cross sections for the one-electron collision system H+ +H( 1s) which offers the cleanest test for any theory. This may help to clarify the longstanding3 problem of the role played by the internuclear potential4'' in theoretical approaches.
In the present work we adopt the eikonal approach developed by Chan and ~i c h l e r~ (in the following denoted by CE in order to save the term "eikonal" for the optical description of the projectile trajectory). This approach, extended in further has proven to be quite successfu~~-~ in predicting total capture cross sections. Its results are expressed by simple formulas which are derived from the original ansatz without further approximations. The agreement with experiment (for collision velocities high enough with respect to typical electron orbital velocities in target and projectile) is based on the fact that the CE theory takes into account the interaction of the captured electron with both the projectile nucleus (in first order) and the target nucleus (in higher order) and thus approximately includes double and multiple scattering contributions. The physical content of the CE approach has been analyzed in more detail" by performing a term-by-term comparison with the Born expansion. It is worth mentioning at this point that exact second-Born calculation^^^ at collision velocities close to, and a few times greater than, the electron orbital velocity yield capture cross sections which are up to an order of magnitude too large. This makes it clear that the third order and higher orders are needed'' to bring the cross section down to the experimental value or to the value predicted by the nonperturbative CE theory.
In this paper we adopt the optical eikonal approximation'' to describe the effect of the internuclear potential on the projectile trajectory and combine it with the CE approach6 for calculating the transition amplitude for electron capture as a function of the impact parameter. In Sec. I1 we give a brief outline of the theory and in Sec. I11 apply the resulting formula to the collision system H++H( 1s) in order to compare with the recent experimental results.
THEORY
Consider the capture of an electron initially bound in the Is shell of a hydrogenic target with
I. INTRODUCTION
Charge-transfer processes have' been of interest since the early days of quantum mechanics. This interest has increased considerably in the past few years, the focus being on processes relevant to magnetically confined-fusion plasmas and astrophysical plasmas. Knowledge concerning the charge transfer from a hydrogenic atom to a bare ion is important not only with regard to these applications but also from a fundamental point of view since such a process is the simplest type of a rearrangement reaction.
An approach for treating electron capture into arbitrary principle shells of energetic projectiles based on the eikonal approximation was developed by Chan and Eich1er.l They later amended their approach for capture into arbitrary n', Z1 sublevels of a fast projectile from the ground statez a s well a s from an arbitrary initial n,l sublevels of a hydrogenic target. The results obtained agree well with experimental findings for hydrogen and helium targets. In this paper we extend the eikonal treatment to cover n,l , m contributions. There a r e at least two reasons why such a study is interesting. First of all, specification of these contributions allow for a sterner test of capture theories. Such a test is realizable since techniques for measuring charge exchange for p +N2-N2++H(n1 = 3,11, ml) have recently been developedq and a corresponding study of charge capture for p +H collisions i s now underway at Harvard University.' The present study is partly motivated by these experimental interests. Secondly, it is the most general case and it contains all the previous results1" a s special cases. In addition, it furnishes information not available from classical trajectory Monte Carlo calculations.'
projectile from a hydrogenic target initially in the (n, I, m) state. The result is obtained in closed form, and is exact within the eikonal approximation. In Sec. III, we discuss our results and present some theoretical data for the reaction Ht+H(ls)-H(nf = 2,3, 11, m')+Ht. The Oppenheimer-Brinkman-Kramers (OBK) results a r e obtained as a limiting case and a r e given in the Appendix.
THEORY
We consider the process in which an electron, initially in the n, I, m state of a hydrogenic target atom of charge Z,, is captured into a given nf,l',m' state of a bare projectile ion of charge Z, We assume that the time which the projectile spends in the vicinity of the target nucleus The eikonal approach developed previously for calculating electron-capture cross sections for bare projectiles colliding with hydrogenic targets is extended here to allow for multielectron targets. Both the impact and wave pictures are employed and their equivalence is discussed. As a first approximation, each atomic orbital is specified by the three hydrogenic quantum numbers, an effective nuclear charge Z,, and an energy eigenvalue in the impact picture, or ionization potential in the wave picture. The Z; appearing in the eikonal phase factor is left undetermined because of incomplete information on the many-body target. However, analytic expressions are derived for the theoretical cross sections, and numerical values are calculated for simple choices of Z; . Those results are compared with existing experimental data for C, Ne, Ar, N2, 02, and He targets.
I. INTRODUCTION
Electron-capture procsses in ion-atom collisions, e.g., A + + B+A + B + , are of great interest both in terms of basic theory and in various practical applications. In particular, a capture cross section from atomic oxygen or iron are essential in finding the charge equilibrium of a high-energy beam passing through different gases, or in finding the radiation of cosmic rays passing through interstellar matter.
It is well known that the OppenheimerBrinkman-Kramers (OBK) approximation1 gives a roughly correct shape for the dependence of the to@l electron-capture cross sections upon the collision energy but considerably overestimates the observed data by as much as an order of magnitude.
Many efforts have been devoted to obtain a simple semiempirical formula of the capture cross section by scaling down the OBK results through the comparison with the existing experimental measurements.' The physical significance of this scaling behavior was not quite understood until the very recent elegant and instructive illustration furnished by the study within the eikonal approximation.' This eikonal approach has been further studied since then and has been very successful in predicting the cross sections of the electron capture for the bare projectile-hydrogenic target ~~s t e r n s .~-~ Among them the cross sections of the capture (i) from nl initial state to n'l' final state: and (ii) from nlm initial state to n'l'm' final states have been obtained in closed form, a very astonishing consequence considering most of other approaches (other than OBK) are so complicated that one must have recourse to numerical methods.
In this paper, we generalize this eikonal approach to describe, in (i) the impact picture and (ii) the wave picture, the capture process of a single electron from a multielectron atom into a fast bare projectile. As a first approximation, each atomic orbital is specified by the three hydrogenic quantum numbers, an effective charge, and an energy value (more accurately, an energy eigenvalue in the impact picture or an ionization potential in the wave picture).
In Sec. 11, two techniques in formulating the capture cross section are presented, i.e., (i) a straightforward extension from one of our recent papers8 and (ii) a generating operator (a differential operator, or, for short, a differentiator) and a generating function (an exponential function) are introduced in manipulations. In Sec. 111, a discussion on the equivalence of the wave and impact pictures is given. And finally, in Sec. IV, our calculations are compared with the existing experimental data for capture cross sections from C, Ne, Ar, N2, 02, and He.
The cross sections for discrete excitations often show undulations in the angular distributions. In the first-Born approximation (FBA) these undulations can be attributed to minima in the corresponding generalized oscillator strength (GOS). The minima in the COS a r i s e from a combination of the oscillations in the wave functions of the target atoms a s well a s oscillations in the transition Calculations based on the FBA have been verified qualitatively in many experiments,2.5'8 and at very high incident energies the location of the minima are in agreement with experiment.' However, even at infinite energy, the FBA fails at very large momentum transfers,' partly because the FBA does not account for scattering by the nucleus at all.
In the FBA, the GOS i s ezpressed a s a function of the momentum transfer K (we use atomic units) and it i s independent of the incident energy. Hence, the positions of the minima and maxima in the GOS remain fixed as incident energy i s varied.
The minima in the Born GOS occur when the transition matrix element changes sign, and therefore the GOS vanishes at the minima.
Experimental data, however, differ from the FBA results in three aspects: (a) the "experimental" GOS does not vanish at the minimum, (b) the magnitude of the GOS at the minimum depends on the incident energy, and (c) the position of the first minimum (expressed in t e r m s of K) i s shifted toward smaller K at intermediate-to low-incidentelectron energies (<500 eV). Owing to the low in-' tensity for large-angle scattering, subsequent minima at higher K have not been observed in any experiment so far. Another failure of the FBA i s that the GOS falls off too rapidly as K --.'
In this paper, we present a study in the Glauber approximation of the minima in the GOS and the asymptotic behavior in K of the 2s -3p excitation of the hydrogen atom by electron impact.
Physically, there a r e several mechanisms that could produce the observed difference between the experimental and FBA results. In inelastic scattering the orthogonality of wave functions for the initial and final atomic states causes the nuclear-potential contribution to vanish in the FBA. In the second Born approximation (SBA), however, the nuclear potential i s retained via coupling to the elastic channel in intermediate states. A recent estimates of a part of the SBA amplitudes shows that SBA can partly account for the nonvanishing minima, and the positions of the minima shift with the incident energy. Furthermore, the SBA correction falls off more slowly with K and dominates over the FBA t e r m at large K.
Another mechanism that could result in nonzero values of the minima i s spin-orbit splitting. When the experimental resolution i s insufficient to r esolve multipkets split by the spin-orbit coupling, then the experimental minima may not vanish because each level of the multiplets may have minima at different K. Then the unresolved experimental data would appear a s if there were one nonvanishing minimum. For insta.lce, for the 6 ' S -6 'P transition of Au, the spin-orbit interaction shifts slightly the locations of the zero minima for the spin-orbit doublet (see Table I ). On the other hand, the effects of electron correlation shift the location of the minima, but they a r e not likely to change the fact that the FBA produces a zero minimum because the minimum (at least the major one) i s a result of the vanishing transition ampliPlutonium-free bomb I very much appreciated the article "Nuclear power and nuclear-weapons proliferation" by Ernest J. Moniz and Thomas L. Neff that appeared in the April issue (page 42). Of all the information I acquired in perusing the article, the most astonishing is the discovery, based upon the figure on page 44, of the extreme potency of plutonium as a bomb material. For, it would appear, one could reduce the fiasile content of plutonium to 0% and still producea bomb with a critical mass of 20 kg-a plutonium-free plutonium bomb! I checked 'the reference cited in the figure caption. Only the points with fissile content 150% are cited there, togethe; with the information that the non-fissile material is plutonium 240 and 242. Surely the curve must rise to infinite critical mass as the fissile content falls to zero? Or am I so out of touch with this subject as to believe that fissile materials are essential to a fission bomb?
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The formulation of quantum-mechanical problems in momentum space, which is largely ignored in traditional courses but is used in research, is discussed. In particular, the formulation o f scattering problems, for which the momentum representation is quite natural, is neither generally well known nor obvious. This is illustrated by solving a simple problem, the onedimensional delta function potential, for which the bound state and continuum wave finction are found.
I. INTRODUCTION
In traditional quantum mechanics students are exposed to a wide variety of problems, all of which are defined in configuration space (x representation). While momentum space @ representation) is generally introduced in a formal way,3 it is rarely used in the solution of problem^.^ Any momentum space functions which are needed are generally derived by solving the problem in the x representation and then Fourier transforming the result. This is no doubt because the potential function in configuration space becomes an integral operator in momentum space and the Schrodinger equation becomes an integral equation. However, for many problems the momentum representation is actually more natural. This is particularly true in scattering problems, where one is interested in calculating the probability amplitude for the change in direction of the momentum vector. In fact, in the usual treatment of potential scattering found in textbook^,^ the Schiijdinger equation is converted into an integral equation by means of the free particle Green's function, and the latter is found by means of Fourier transformation. This technique is in effect utilizing the simple form of the free Green's function in momentum space, where the kinetic energy operator is diagonal. Since the x-space and p-space equations are both integral equations, the advantage of the former would appear to be lost. Other arguments for using the p representation have been given by Dirac in his classic text.= It is the purpose of this paper ta illustrate the solution of the Schrodinger equation in momentum space by means of a simple example for which the configuration space solution is relatively familiar: the one-dimensional motion of a particle in a delta function potential.' While this potential may not be physically realistic, most of the characteristics of the Schrodinger equation may be illustrated by its use, and so it is of pedagogical value.
SCHRODINGER EQUATION IN MOMENTUM SPACE
We begin with the Schrodinger equation in the x representation where j represents the operator -ih dl&. The momentum space wave function &p) is defined by with the inverse relation = ( 2 n W ' l 2 lI exp(ipx/in@(p)dp. (3)
The function &p) plays the same role in the p representation that fix) plays in x space; for example, the probability that a measurement of the momentum will fall between p and p + dp is given by I +@) l2 dp. In terms of In this equation p is merely a number (the kinetic energy operator; like the mpmentum, is diagonal in the p representation), while V@ -p') is, apart from the occurrences of h , the Fourier transform of V(x):
In this paper we shall take for i1,lustrative purposes the potential
where c is a constant of dimension energy times length. For this potential we have and Eq. (4) takes the particularly simple form
